In this article we present the post-Newtonian (pN) coefficients of the energy flux (and angular momentum flux) at infinity and event horizon for a particle in circular, equatorial orbits about a Kerr black hole (of mass M and spin-parameter a) up to 20-pN order. When a pN term is not a polynomial in a/M and includes irrational functions (like polygamma functions), it is written as a power series of a/M . This is achieved by calculating the fluxes numerically with an accuracy greater than 1 part in 10 600 using the methods outlined in [1, 2] . Such high accuracy allows us to extract analytical values of pN coefficients that are linear combinations of transcendentals like the Euler constant, logarithms of prime numbers and powers of π. We also present the 22-pN expansion (spin-independent pN expansion) of the ingoing energy flux at the event horizon for a particle in circular orbit about a Schwarzschild black hole. * a.g
I. INTRODUCTION

4-velocity is given by
where φ α and t α are the rotational and asymptotically timelike Killing vectors of the Kerr spacetime, respectively. Its energy and angular momentum per unit mass are given bŷ E = r 
In this section, we will not discuss the derivation of the equations involved in the calculations of energy flux and angular momentum flux, which are presented clearly in [1, 2, 21, 23] , and will only present the main equations required to calculate them. The energy and the angular momentum flux at infinity and event horizon for our case are given by 
where ω = mΩ and the quantities, Z H , Z ∞ , are given by 
Here R in ,m and R out ,m are the homogenous solutions to the (s = −2) Teukolsky equation which are ingoing at the future event horizon and outgoing at the future null infinity, respectively, and a prime denotes their derivative with respect to r. These solutions and their derivatives are evaluated at r = r 0 with an accuracy of more than 600 significant digits, using i n (ν − 1 − i ) n (ν + 3 + i ) n a n (2ẑ) n U (n + ν − 1 − i , 2n + 2ν + 2, −2iẑ),
where x = z + − z κ , z = ωr, z ± = ωr ± , κ = 1 − q 2 , q = a/M, = 2M ω τ = ( − mq)/κ, ± = ( ± τ )/2,ẑ = ω(r − r − ), r ± = M ± M 2 − a 2 (6) ν, a n are given in [1] , and F and U are the hypergeometric and the confluent hypergeometric functions respectively. The remaining quantities are given in Appendix A. The sum-over-n in the above equation have a practical cut-off at some n max ; let us denote the homogenous solution for this particular cut-off as R nmax (we have suppressed the indices, (in/out) and ( , m), here). By varying n max , we look at the fractional difference between R nmax and R nmax+i (for first few i's from 1 to 10) and choose that n max where the fractional difference is lower 1 part in 10 600 . In Eq(3), the sum goes upto max = 40.
III. RESULTS
In this section, we obtain the analytic coefficients in the pN expansion of the fluxes at the event horizon and infinity in a Kerr spacetime and at the event horizon in a Schwarzschild spacetime, for particle in circular, equatorial orbit. To numerically extract the spin-dependent pN coefficients, we calculate the fluxes at the horizon and infinity in Kerr and Schwarzschild spacetimes as follows.
We calculate the flux in Schwarzschild spacetime for 144 different values of Ω by placing the particle at
18,19,20,...,33
where R = (M Ω) −2/3 , and hence calculate f H S (R i ) and f ∞ S (R i ) (the index i runs over all the values in Eq. (7)). For a given value of R in Schwarzschild, we place the particle in Kerr at different radii, r K , for various values of Kerr spin parameters given by a/M = 1, 2, 3, 4, 5 × 10
and in this way it has the same angular velocity in Kerr as it had in Schwarzschild (when placed at R ). This enables us to use a gauge-invariant R as our expansion parameter. In Kerr spacetime we calculate 3600 different data points for fluxes at infinity, (f ∞ K (r Kij , a j )), and horizon, (f H K (r Kij , a j )), respectively (the index j runs over all the values in Eq. (8), the index i runs over all the Eq. (7), and for a given choice of (i, j), Eq. (9) is used to evaluate r K ). We perform a two-dimensional fit by first fitting [f
] to a polynomial of the form c i,j,k a i log j (R)/R k to extract the analytical coefficients, and then subtract them from [f
(R i )] and repeat the fitting to extract the numerical coefficients.
We note that log k (R) terms first appear at (1.5 + 2k)-pN order at infinity, at 3k-pN order for integral pN order and at (3k − 0.5)-pN for half-integral pN order at the horizon.
A. Flux at infinity in Kerr spacetime
Here we present the spin-dependent pN coefficients of the flux at infinity in Kerr spacetime. The first quantity on the left-hand side of the equation below is time-averaged flux at infinity in Kerr (represented by the subscript K), and the second quantity is the time-averaged flux at infinity in Schwarzschild (represented by the subscript S). The pN coefficients of the latter are given in [21] . 
B. Flux at the event horizon in Schwarzschild spacetime
Here we present the flux entering the horizon of the Schwarzschild black hole for a particle in circular orbit. 
C. Flux at the event horizon in Kerr spacetime
Here we present the pN coefficients of flux entering the event horizon of a Kerr black hole. 
where
and ψ (n) (z) is the polygamma function.
IV. DISCUSSION
In this article, using the analytical solution to the Teukolsky equation in terms of a series over hypergeometric and confluent hypergeometric functions developed by [24] , we find analytical and numerical pN coefficients of flux at infinity and horizon for a particle in circular, equatorial orbit about a Kerr black hole. Whenever the pN coefficient is not a simple, finite, polynomial in a, we write it as a power series in a. We find that the power series in a/M for any pN order (up to 18-pN order) is convergent for all values of a with −1 < a/M < 1. In Figs (1−12) , we compare the pN-approximated fluxes with their respective numerical values for different spin-values, for both direct and retrograde orbits, at the horizon and infinity. The accuracy with which we compute the fluxes at very large radii stops us from extracting numerical coefficients of higher than 20-pN order. By calculating the fluxes with similar accuracy at lower radii (less than 10 18 M ) or with higher accuracy at the similar radii, one can extract greater than 20th order pN coefficients. Though, in this work we provide the pN expansion of the sum of the multipoles present in the expression for fluxes at infinity and horizon, by resumming the individual ( , m) modes of these fluxes (which are easily calculable from the numerics that led to this work but not presented here for brevity) like in [25, 26] , one can improve the behaviour of the pN expansion in the strong-field limit, allowing one to go to radii below r ISCO and in some cases even closer to the light ring.
The final goal of this project is to calculate fluxes at infinity and horizon for generic orbits in Kerr spacetime to high pN order and high order in the parameters involved that describe the orbit. To achieve this goal directly would be difficult and we break the path to this goal into three steps. The first step involves calculating the flux for slightly eccentric, equatorial orbits about a Kerr black hole to high pN order where the expansion would be performed in three parameters -the gauge-invariant eccentricity, ε, Kerr spin-parameter, a and the gauge-invariant pN parameter, R. Until now this has been calculated to 2.5-pN order and quadratic in ε in [27] . The next step would be to calculate the flux for inclined, circular obits about a Kerr black hole to high pN order where the expression would be expanded in three parameters -the angle of inclination, y, Kerr spin-parameter, a and the gauge-invariant pN parameter, R. Until now, this has been calculated to 2.5-pN order and linear in y in [28] . The final step would be to conglomerate the two cases and calculate the flux for eccentric, inclined orbits in Kerr spacetime.
where Σ = r 2 + a 2 cos 2 θ, ρ = (r − ia cos θ)
The remaining required quantities are
n a n , and 
